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Log-Convex Polynomial Approximation in Log.
of Twice Differentiable Functions. ﬂﬁ

Halgwrd Mohammed Darwesh, Department of Mathematics, College of Science,
University of Sulaimani, Kurdistan Region/Iraqg.

Abstract

In this paper, we introduce a new concept of constrained approximation, which we call Log-convex
polynomial approximation in log. We obtained a direct theorem of log-convex polynomial approximation in
log for twice differentiable functions on [-1, 1], in term of the ordinary moduli of continuity.

Keywords: Shape preserving approximation, convex and log-convex functions, Splines,
moduli of continuity and smoothness.

1.Introduction and Main results.

C*[a,b] is the space of k"time or equivalently(see [3]),a  function
continuously differentiable functions fon f €C(l) is called log-convex, if f is
[a,b], equipped with the uniform norm Positive and log fis convex on I.
HfH[a,b] ::Maqua,b]‘f(x)" When dealing with I[Zstj]r)t:hermore, we have: (for example see
the generic interval | :=[-11], we omit the Theorem A. If f €C2(|), then it is log-
special reference to the interval, namely, we
write | f||:=| |, . Also, let 7, be the space
of all algebraic polynomials of degree not

exceeding n, where n and k are natural ) . .
numbersg The r" ordinary moduli of smoothness is

We state some definitions in this topic, first Gefined by (see [4]):
of all, a function f eC(1)is said to be a 11  @(f,t):=Sup

O<h<t
convex function [1], if for \where

convex if and only if f(x)>0and
f(x)f"(x)=[f'(x),vxel.

Arh(f,-)H,t>O

each x,y e land t €[0,1], the function f ) _ .
satisfies: Afu(f,x);{Zwm(‘l)r_'f(x—m”“} i X¢L2u <118
f(tx+@-t)y) <tf (x)+(@1-t)f (y). 0 otherwise

Also, a function f :1 — (0,00) is said to be the r" symmetric forward difference of f .
a logarithmically convex (or log-convex Note that, ifr=1, then it called the
function) [1] and [2], if for each X,y e | and ordinary_ moduli of continuity. _
t €[0,1] one has the following inequality; ~ Some time (;ne want t? agl‘zr‘ixmi)ate a
. tinuous function e C(l y a
fx+@—t)y) <[F)F[F ()], eon
(X+( )y) [ (X)][ (y)] polynomials such that
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those polynomials have the same shape
property as f has, and this is the topic

which so called constrained (or shape
preserving or form preserving (see[5])
approximation. Questions of this nature
have been investigated extensively in recent
year (see [6] for more detail). For monotone
and convex approximation, there are so
many good results (for example see [6-8]).
However, there are some few results about
3-covex approximation by spline functions
(for example see [9]). While more notable
result on convex approximation for our
work is the following theorem due to the
work of Yu [10]:

Theorem B. Let f be a convex function
in C(1). Then for each n>2 there exists a
convex polynomial P, € z,, such that

12 [f-P[<Cam,(f.n?),

where C is an absolute  constant
independent of f , n,
Remark 1. ®, can not replace by wo,,

while keeping the constant C independent
of n and f,see Shvedov [11].

It is quite natural to one ask what about the
log-convex polynomial approximation (i.e.,
approximating a log-convex function
feC(1) by a log-convex polynomial)?
This is our main interest in this paper;
especially we will introduce a new type of
this concept, which we will call log-convex
polynomial approximation in log, and by it
we mean, approximation of a log-convex
function by a log-convex polynomial such
that the maximum error in them logs at each
point are controlled, we do this for these
log-convex functions which contained

in C*(1), exactly our main results in this

23

area are the following theorem and
corollary:
Theorem 1. Let f be a log-convex

function in C*(1). Then for each n>2,
there exists a log-convex polynomial
P, e z,,, such that

13 |logf -logP,|<C nzw((log i )",%j,w

here C is an absolute constant independent
of fandn.

Corollary 2. Let S be a log-convex Spline
inC*(1), k>20f any degree  with
Chebyshev partition of the interval I as its
knots. Then for each n>2 there exists a
log-convex polynomial P, € 7, such that

1.4 logS —logP, | < Ca)B(Iog S,nfl),

where C is an absolute  constant
independent of f and n.
Throughout this paper C denote

absolute constants which is independent
of fandn. Also may be different on

different occurrence, even on the same line.
At the same time the absolute

constants C,and C,are fixed throughout

this paper. Furthermore, we say that two
constants A and Bare equivalent, and we

denote by A~ B, if there are absolute
constants ¢ and ¢’ such that cA<B <c'B.

2.Auxiliaries Construction and Lemmas.
Given a twice-differentiable log-convex
function fon I, that is fis a positive

function and log f is convex function
in C?(1). Then, we will divide the interval
| into two types of intervals I.,and J; in
the following way, we begin with:
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0= {XGl F)f"(x) > [f()]2+6C:1w((logf)",n’l)},

where C, is an integer greater than or equal
to three, and it was prescribed in[12, lemma
4], after replacing a convex function in it by
a log-convex function.

Now, since O is an open interval in the
restriction topology onl . So by using [13,
Theorem 8.11] we can represent O as the
union of a countable collection of disjoint
intervals. Then we need the following sets,
which are introduced by Hu, Leviatan and

Yu [12],
U (ij,ﬂ,-)3=Ul|} :

Bj-a;>Cont
where (aj ,ﬂj):: 1%’s the
which made O and are of relatively large

0" =

are intervals

size, n, < ? and C, is a positive such that
2

C,>4(dn+6C,), dis given in Lemma

2.4 below. With B, =-1and «, ., =1, let

21 o= {J [B.e.l=UJ;.
ajq-p;z12Cn™

where [B;,a;,,]'= J;’s are selected from

the completing of the intervals I'’s and

2.2 0,=1-0 =1,

i=1
where I, :=(a,,b, ) are the original intervals
which represented O, after we only

renamed the indices so that the intervals
J,=[b;,a,,]in0O, andn, <n,. Any I, is
either one of the intervals I or it contains
in several of them with its endpoints

belonging to the original set of endpoints of
the I , and not necessary to be an original

pair. Thus b, —a, > C,n™* and

24

23 (logf) (a)=(logf) (b) = 6C1a;((log M

Now, letl, =(J1;,)u(J17,), where
|/ ,are contained inO"and I are the
complementing once. Also if xeJ,, then
xel-OorxeO, that is xel-0

or x is in one of the original intervals
(a;, ) that represented O,  with

B —a; <C,n™

24 (logf) (%) s(6C1+C2)a>((Iog f), n’l), xeO,

. Then, we have

Hence, we can decompose(log f) in the
following way:
We define, foreach i =12,...,n,

(1og )" (9
(log f) (Ri(x)

xel,,
xe[a, —-6C,n™" 4],

25 f,(x):= A 4
(logf) (R;(x) X<[bi,b +6C,n7],
0 o.w,
where
1 x=a,-6C,n",
26 R/(x)= X_:l_‘l +1 xela —6C1n‘l,ai),
"0 X=a,
and
1 ! x=h,,
27 R/(x)= _6)23_11 xG(b,,b,+6Cn Y
01” x=h, +6C,n".

Also, we define:

28 f,(x):=(log f) (x)— > (%)
From the fact that f (x)f "(x )z[f’(x)] , e
have, for each i=12,.,n,, f >0

and f, e C(1). Furtherermore, thelr supports

have disjoint interiors. At the same time, we
can prove the following lemma:

Lemma 2.1 We have
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0<f,(x)<(C, +601)a)((log f)",n’lj, vxel.

Proof: let x e | ,then xeQ,0r x€O0,.
If xeO,. Then, in view of (2.1),
xe(a,,b,)for some 1<k<n,. Thus

f(x)=(logf) (x) and f, =0 for each
i #k. Therefore, by (2.8) we have
f,(x)=0. Hence, the lemma is proved in
this case. For the other case (i.e., if x € O,),

then in virtue of (2.5) through (2.7), there is
at most one 1<i <n, such that f,(x)= Oand

all other f,’s are identically zero.

Hence, by (2.8) for such x, we have
fo(x)=(log )" () f, ().

Nevertheless, since 0 <R, (x),R;(x)<1,

then in view of (25) we notice
that f,(x)>0. Now, since f, is non-

negative, then
£,(x)<(log ) (x) < (C, + 6C1)a)((log £), n’l) :

where we used (2.4) in the last inequality. ¢
The following lemma is well known:

Lemma 2.2. [14]
For a function g € C(1), we have

o,(g,nt)<n"w (g,t)
Then, we can prove the following lemma:

Lemma 2.3. We have,
olf,n?)< Sm[(log f) ,n‘lj,for
i=12...1n,.

Proof: let x;,X, € | such that [x, — X,/ <n™*.

Then we will use the subintervals, which we
have in (2.5), and we begin from right to
left:

each

25

(i) If b, +6C,n"" > x,, X, .Then

fi(x)=0="(x,)..
Hence, there is nothing to prove.
(ii) If b, < x, <b; +6C,n"* <X, . Then,

_Xb XX o) that,
6C,n*  6C,n"
R(x)< gc;nx <(6C,)™
and we observe that, for any

x e[b,b +6Cn"]
(log 1) (00 = (log 1) (0 +1og 1) (9 ~ log 1) (3

< 6C1w((log £, n‘1) + w((log f) ,6C1n‘1)

2.9

< 1201w((log f )", n’l),

where, we used (1.1) withr =1, (2.3) and
Lemma 2.2.
Hence, in virtue of (2.5) and (2.9) we have

f.(x,)=0and
[ ()= £ % ) = £ (%)= (
< 2Cla)((log f)”,n‘l).
(iif) 1fx,, X, €[b,,b, +6C,n"*], then
104)-1) < l0g) G0R(x)-(log ) ()R (x)
(logf (%)~ (1og ) (< R(x)

+(logt) ()[R (%)~ R ()
< m((logf )”, n’lj +12Qw{(log £, n’l)
< &{(Iogf )”, n’lj,

where, we used (1.1) withr =1, (2.9)and
the fact that|x, —x,|<n™.

(iv) If x c[a,b] and x, c[b,b, +6C,n"] -

<

X=%
6Ccn™

Then
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(%)= 1,(x,)=[10g £)" (x) - (log 1) ()R, (x,

<|(tog £)' (%)~ (1og 1" (x.)

+(|Og f )”(Xz) ISi (Xl)_ i(bi>(

< m((log £), n‘l) + (Bclm((log £), n‘l)
+a{(|ogf)ﬁ, nlD(alcl

< 2@(009 ), n1]+6101a)((log £, n*l)
< Sw((log £ n’l)

where, we used (1.1) with r =1, (2.3), (2.5),
(2.7), the fact thatC, >3 and
X, —b, <X —X,<n7t.

(v) Ifx;, x, €[a;,b;], we have

%) 1,00, =[(log )" (%)~ (1og 1) (x.)

(log £)" (0~ 1og )" (y)

< Sup
[x=y|<n”
x,yel

= a)((log £), n’l),
where we used (2.5) and (1.1) with r =1.

By using (2.6) in place of (2.7), we can get
the same inequalities in similar way, in the
case that x’s are on the left side of the

interval[a, ,b,] . This completes the proof. ¢
Now, for each i =0J1,...,n, we define:

F.(0:= [ [ f,(v)dveu,

-1-1
and it is clear that, F, e C*(l)and it is
convex, for eachi=01..,n,. Thus, we
have a decomposition of log f in the form
of

1

2.10

Ri(o;)

211 Iogf(x):logf(—l)+w+ " F(x)
f(-1) -0

Letd, (x,J)=1+nd(x,J), where J is

an interval and d(x.J)is the distance

from x to J. Now, since f is log-convex

function, then log f is convex. Thus, as an

immediate consequence of [12, Lemma 4],
we obtain the following lemma:

Lemma 2.4. There exists a number d ~n™*

and a polynomial q(x)of degree not
exceeding n such that in[-2,2],

212 q(x)> SClw((Iog f)", n‘l)dn(x, IV [ >d
and

213 q(x)> —3cla)[(|og f)",nlj, X <d.
Also

214

'tj;q(v)dvd% < Cn‘zm((log £y, n‘ljdn(K )% X <2 W

here j =[-d-12cpn*,d+12cn?] , C is  only

de-pend on C, .

3.Proof of Theorem 1 and Corollary 2.
First, proof of Theorem 1.

Since F, € C*(1)and it is convex in | , so

in virtue of theorem B and Lemma 2.1,
there exist a convex polynomialP, € 7,

such that
IF, ~Pl << of g f)'n*)
Let us denote this polynomial by P, ..

Now, by Lemma 2.3 and Lemma 2.4
a polynomial P, € 7, exists, such that

31 |F(x)-P,(x)< SCln’za{(log f )”,n’ljdn (x, J, )72 :

and

26
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3.2

Fi”(x) -

Pr(x) < 3Clw((log £, n’l)dn (3"

where J :=[a, —12C,n"*,b, +12C,n""].
Now,sinceli:( Ii”j)U( Ii'fj),

so forany x e I, ; (as we mentioned above)

(log f) (x) > 6C1w((log £
by (3.2) we
obtain P/(x)> 3Clw[(log f )” n

nl) . so that,

_1j
We to modify P,, in order to get a

convex polynomial and we do this
modification only to these
polynomials P,, which may have a negative

second derivative in I/ ;. To this, we set:

= _Hq(v)jvdu, X <2,
-2-2
where qis the polynomial in Lemma 2.4

and we choose the constant C, so that
C,>4(dn+6C,) (as we motioned in

section 1).
With If; =(a; ;,b;;), j=12,..m,, and
i1=12,...,n,. We define:

33 q,(x)=Qx~(a +d))+ 3" Q(x+d b, ) xel,
where b; . =b, and ifa =-1,b, b, =

we omit the first term and the last term in
the sum, respectively.
Now, we notice that by our assumption

for & ;,b; ;, we have
b —a,;=Cn" > 2d
34 )
a,;,—b,; <12C)n?
Hence, for each xe (Ji —(U Ii"j)), we
have x ¢ 1], for all'i, j. So that, by first

27

part of (3.4) we have |x>d and then by
(2.12) we obtain
n‘l)

35 q/(x)> 3Cla)((log f),
For xe I];, then by second part of (3.4)
and (2.13) we obtain
3.6 q/(x)> —3Cla)((log f)”,n‘lj.

Finally, for x ¢ ji, we  have
x<a, —12C,n~" or x> b, +12C,)n"
Note that, for x<a, —12C,n"", we have
dn(x,Jiyo):dn(x,ji), where
J,=[a-12cn*2d +a +12cn’] and for the
case x > b, +12C,n™" we have
d,(x3,, )=d,(x J,).where
Hence in

3. =[-2d +b —12C,n", b +12C,n7] -

both cases |X| > 2d , then (2.12) implies that

37 /%) 3Clm((log f)”,n‘l)d(x, i)

for xe J .
Then, in virtue of (2.13) we have

‘Q&+d—bHXSCN%{wmeCquJme)XEI
where J,,=[-2d +b, -12Cn* b, +12Cn] -
Analogously
Q(x—(a +d)) < Cn’za{(log f )”,n’ljdn(x, Jio) xel

In view of the first part of (3.4) and the
definitionof C,,for 0< j<m;,0<i<n,,

d,(3,,,9,,4)=b,,-b,, —2d-24C;n"*
>b, ;—a;; —2d —24C;n"*
>C,n"-2d-24Cn*
>2d >0,
and
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d(‘]i,O"Ji,l):bi,l —a, —4d —24Clﬂ_l logP,(x):= log f (~1)+(x+1)log f ) ( D+P,+>. P, qI
>C,n" —4d —24C,n! >0, ow, in virtue of (3.2), (3.5) through (3.7)
This mean that the distance between two and the convexity of log f , it follows

consecutive J,;  and J; ,,make their that B, +q;are convex for

interiors disjoint for all iand j. Therefore, €achi=12..,n,, this with the fact
although J, may intersect JMO, we have  that Py is convex.

Hence
38 D) g(x)<Cny Iogf Zd (x J; ' .
| * (toat'm) ' H'ogf—loanHéHFo—F%nH+H "R
" -2 4 -1
SCn‘Zw((Iogf) ,n‘l). =en f{(logf) " )'0

Set Second, proof of Corollary 2:

¢ Combining [15, Theorem 1] with
B,(x):=log f(~1)+ (x+1(log f ) (-2) + R, + 3", P, ~ G our Theorem 1, we obtain the assertion of
Note that, in view of our construction of  our corollary 2.0
the  polynomials P, and q,, the

polynomial P, is very close to the
logarithmic function, so we can say;
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